ABSTRACT: It is shown that conformal matter with c L = c R can be consistently coupled to two-dimensional 'frame' gravity. The theory is quantized, following David, and Distler and Kawai, using the derivation of their ansatz due to Mavromatos and Miramontes, and D'Hoker and Kurzepa. New super-selection rules are found by requiring SL(2,C) invariance of correlation functions on the plane. There is no analogue of the c = 1 barrier found in nonchiral non-critical strings. A non-critical heterotic string is constructed-it has 744 states in its spectrum, transforming in the adjoint representation of (E 8 ) 3 . Correlation functions are calculated in this example.
Introduction
Conformal matter in two dimensions couples to quantum gravity via the conformal anomaly. The coupling is characterized by the central charge of the conformal matter. In Euclidean space, conformal matter can be constructed with different values of the central charge for holomorphic and anti-holomorphic fields. It is natural to ask how such theories, with c L = c R , interact with quantum gravity. Since these theories have a gravitational anomaly, in addition to the conformal anomaly, there must be degrees of freedom other than the conformal factor that become dynamical. This is related to an additional reason for interest in chiral gravity-it is widely believed that topological excitations 'disorder' the world-sheet geometry when induced gravity is coupled to matter with c > 1. The question then is what governs the dynamics of such degrees of freedom. Chiral gravity, of course, is naturally a theory with additional geometric degrees of freedom on the world-sheet, and its study may lead to insights into possible continuum descriptions of physics above c = 1. Indeed, we shall find that chiral gravity does involve disordering world-sheet geometry, in a precise manner.
Recall that local gravitational anomalies can be exchanged for local Lorentz anomalies. A theory with a gravitational anomaly has no generally covariant interpretation, but a theory with a Lorentz anomaly is a theory in which the gauge invariance associated with local frame rotations is absent. Thus, just as the conformal anomaly provides dynamics for the scale factor of the frame, the Lorentz anomaly provides dynamics for local Lorentz rotations. In two dimensions, this is particularly natural, for one has e ± → exp (ρ ± iχ) e ± ,
under combined scale (ρ) and Lorentz (χ) transformations. It is the action that governs ρ and χ that we shall study in this paper. We shall follow the David-Distler-Kawai(DDK) approach [1] -this has the virtue of being applicable to arbitrary topology, and the practical advantage of allowing the use of conformal field theory techniques. The geometric meaning of induced chiral gravity becomes somewhat more transparent as well.
This paper is organized as follows: in sect. 2, we set some conventions and normalizations, and remind the reader of the calculation of the DDK change-of-measure due to Mavromatos and Miramontes, and D'Hoker and Kurzepa [2, 3] . We show that the analogous factor in the case of chiral gravity is the square of that in non-chiral gravity. In sect. 3 we use this to work out the conformal field theory representation of chiral gravity. In the next section we consider some global issues-it is shown that the conformal field theory action requires careful definition in order to preserve SL(2,C) invariance on the plane. In particular, the fields associated with the classical conformal or Lorentz modes are multivalued, with super-selection rules governing the deviation from being single-valued. In sect. 5 we discuss operators which are constructed purely from the fields in the gravity sector, and examine some of the critical exponents. In sect. 6 we give an example, the -string, and compute the partition function and correlation functions in this example. Sect. 7 contains some concluding remarks.
We note that the coupling of chiral matter to quantum gravity was studied by Oz, Pawelczyk and Yankielowicz [4] , who worked in the light-cone gauge introduced by Polyakov [5] .
Review and conventions
We will work with the Euclidean theory in this paper. The frame is specified locally by two 1-forms, {e ± }, with the metric
The spin connection is obtained from
The * operator is defined by * e ± = ∓ie ± , * (e + e − ) = −2i,
The local area element is i 2 e + e − . Under Lorentz and conformal transformations, (1), ω changes as
The curvature is R ≡ dω, so δR = −d * dρ = * ∆ρ, where ∆ ≡ −d * d * − * d * d, is the positive definite Laplacian. R is invariant under Lorentz transformations, and is related to the scalar curvature R by i 2 e + e − R = 2R. Peculiar to two dimensions is the fact that * ω is a 1-form, and from (4) U ≡ d * ω behaves much as R does, with the rôles of ρ and χ reversed. Explicitly, δU = d * dχ = − * ∆χ. Therefore U is locally invariant under conformal transformations. For future reference define a scalar U via i 2 e + e − U ≡ 2U. In terms of the spin connection, one has U = 2∇ µ ω µ . The same arguments that imply that R is a topological invariant imply that U is also an invariant. It is easy to see that U = 0, since one can always choose a frame with a divergenceless spin connection (see sect. 4). However, we shall see that when φ U occurs in an action, and φ is not necessarily single-valued, surprising super-selection rules arise. The 'connection' * ω corresponds to a reduction of the structure group of the frame bundle to multiplication by positive real numbers, just as ω corresponds to a reduction to SO (2) .
Integration over the matter degrees of freedom, using a diffeomorphism-invariant regularization, produces an effective action for the zweibein (see, e.g., ref. 6),
where c ± = (c R ± c L )/2. In background gauge, e ± = exp(ρ ± iχ)ê ± , the dependence of S 0 on the Weyl and Lorentz factors is purely local
An important (diffeomorphism-invariant) local counterterm can be added to the action, namely S loc = 1 8π ω * ω. The dependence on the Weyl and Lorentz factors of this term is
It is important to keep in mind that the effective action, (5) , is derived from the anomalous conservation equation by integration. It follows therefore that a constant of integration can be added to the action, if needed. Also, this action is not globally defined on an arbitrary surface. Using (6,7), we shall produce a local conformal field theory expression that agrees with eq. (5) in background gauge, and then observe that the conformal field theory is welldefined on an arbitrary surface about suitable choices of background zweibein. As explained in sect. 4, additional requirements arise in the definition of the functional integral from the requirement of conformal invariance, that are not immediately apparent from a consideration of the action alone.
We now briefly describe the calculation of ref.'s 2,3. On a two-dimensional surface, Σ, the non-critical non-chiral induced gravity partition function is
where c m is the central charge of the non-chiral matter theory. Choosing conformal gauge, g µν = e 2ρĝ µν (m), and fixing diffeomorphismsà la Faddeev-Popov, this becomes
where dm stands for an integration over the moduli space of Σ. The problem is now to understand the measure Dρ, which is supposed to be the Riemannian measure induced by
In ref.'s 2,3, this problem was tackled by comparing the problem to finite-dimensional vector space inner products and measures related by linear transformations. It follows that, if D 0 ρ is the translation-invariant measure induced by
. The functional determinant is singular, but a careful heat kernel regularization [2] using Ward identities for Weyl invariance [3] leads to
In our case, we wish to perform an integration over all zweibein on a two-dimensional surface, Σ. The functional measure is defined in terms of the reparametrization invariant distance on the space of frames given by
Fixing diffeomorphisms by choosing a fiducial background frame, e ± = exp(ρ ± iχ)ê ± , leaves
This result is positive definite for λ 2 < 1 and 2λ 1 + λ 2 > −1. In the following, we will set λ 1 = 0 = λ 2 since nothing will depend on these constants. Thus variations of the conformal and Lorentz factors can be considered independently with the separate line elements
Changing (9) to the translation invariant measure for ρ is precisely the problem discussed above, and so contributes a factor of (8) . The measure (10) on χ is already translation invariant, and as usual, one can eliminate the ρ dependence by shifting the world-sheet metric by a conformal factor. This transformation yields the same factor (8) . Hence it follows that the total determinant in this case is just the square of (8). It should not come as a surprise that the Lorentz factor does not appear in the determinant, since it does not affect the line element.
Therefore the partition function for chiral induced gravity is
where dn stands for a possible integration over additional Lorentz moduli, discussed in sect. 4 . Note especially that the measure in (11) is not divided by the volume of the group of Lorentz transformations-such a division would be incorrect when c L = c R , since the theory is not invariant under Lorentz transformations in this case. This is exactly analogous to the difference between the non-critical and critical string measures. Also note that for the purposes of the present discussion, we have assumed that a local counterterm has been introduced to produce a vanishing cosmological constant on the world-sheet.
Conformal field theory
We are now in a position to use conformal field theory. Define φ 1 ≡ ρ and φ 2 ≡ χ. The functional integral in (11) takes the form dmdnD 0 φ i e −S cft , with
where
The stress tensors associated with this action are
The fields in this theory have a non-diagonal propagator
where G ij is the inverse of G ij . The central charge computed from (14) is
and similarly for R → L. Therefore in accord with expectationsà la DDK [1] , the total central charge vanishes in both the holomorphic and anti-holomorphic sectors. The parameter ξ does not appear in this expression for the central charge of the combined conformal and Lorentz induced action. However, ξ will affect physical exponents. Bastianelli considered a conformal field theory similar to (12) for chiral bosons [7] .
The non-diagonal propagator for these fields (15) makes calculations somewhat cumbersome. It is more convenient to produce a basis where the 'metric' G ij is diagonal, by taking linear combinations of ρ and χ. (Using linear combinations produces a trivial Jacobian in the functional measure.) Such a diagonal basis is by no means unique, and we briefly illustrate two choices below. We refer to these two cases as the ρ theory and the χ theory, since the bases of fields are chosen to be (ρ, θ ≡ χ − ic − ρ/2ξ) and (ζ ≡ ρ − ic − χ/2(24 + ξ − c + ), χ), respectively.
i. The ρ theory
In this case, we diagonalize the kinetic terms by defining
where D ≡ det 3G. Explicitly, one has
If we assign (φ 1 , φ 2 ) = (ρ, θ), (12, 14, 15, 16) are unchanged upon replacing (13) with
We compute the weights of various exponentials
Above, we have explicitly introduced separate momenta for the holomorphic and antiholomorphic exponentials because the discussion in the next section suggests that we should be considering operators which introduce cuts.
results from the coupling of θ toÛ .
Given a matter operator of weight (∆ L , ∆ R ), one may expect that it acquires exponential dressings by ρ and θ to make it a (1,1) operator, as in non-chiral gravity [1] . For a given k, α is determined to be
or alternatively for fixed α, k is
Therefore one finds a one parameter family of dressings in the holomorphic sector. Similar formulae relateα andk in the anti-holomorphic sector. While two branches have been indicated in eq.'s (21,22) for possible gravitational dressings, the negative sign yields the correct results in the limit ξ → ∞. We will show that the latter corresponds to the classical limit of chiral gravity in sect. 7. The exponential dressings we have considered here are the simplest possible dressings. Because of the spin inherent in the θ exponentials, we expect that it is possible to find other primary fields constructed from ρ and θ, which can dress matter operators to produce weight (1,1) operators (see sect. 5).
ii. The χ theory
An alternate diagonalization comes from the choice (φ 1 , φ 2 ) = (ζ ≡ ρ − ic − χ/2X, χ) where X ≡ 24 + ξ − c + . In this case, one replaces (13) with
in (12, 14, 15, 16) . χ couples only toÛ , and the coupling of ζ toÛ vanishes as c − → 0. Also, in contrast to the ρ theory, the limit ξ → 0 is nonsingular in this case. † In sect. 4, we will findα = α, so that the formulae presented here are slightly more general than needed.
As in the previous case, one can calculate gravitational dressings for matter fields. Here, we will only note that in general the weight of an operator is given by
while replacing P j by −P j above yields the weight of an exponential of anti-holomorphic fields.
Finally, we comment on a duality between these two diagonalized theories. The following substitutions in (23) take the χ theory to the ρ theory: 
Global issues
Thus far we have evaluated local quantities in the conformal field theory, and have therefore had no need to consider the definition of the terms in the action on a non-trivial manifold. A priori it is not clear that expressions such as ω * ω can be defined in a invariant manner over the entire surface considered. We will now demonstrate that the conformal field theory action is well-defined on any orientable surface.
The problem is as follows: On a higher genus surface, the action, (12) , is evaluated by a sum of integrals on a set of overlapping coordinate patches. In general on an overlap between adjacent patches, the background zweibeinsê ± are related by both coordinate and Lorentz transformations. Now in order to be well-defined, the action should be unchanged if the boundaries between the integrals are shifted. This is clearly the case for the kinetic terms and the couplings toR, which are Lorentz invariant and covariant under coordinate changes. Recall though that under a Lorentz transformation, δÛ = 2 * d * dχ. Thus moving boundaries would appear to change the contributions of the couplings toÛ . A simple resolution of this problem is easily found since we are only interested in complex coordinates for conformal field theory. Gauss showed that locally there exist coordinates such that the metric is conformally flat,ĝ = 1 2 e 2ρ (dz ⊗ dz + dz ⊗ dz) .
This implies that locally there exist zweibein such thatÛ = 0, since we can choose e + ≡ eρdz and e − ≡ eρdz .
In general, one can allow for additional holomorphic Lorentz transformations between patches. In either case,Û is invariant in the overlaps leading to a well-defined action. Henceforth, we make the choice of a Gaussian background zweibein (24) withÛ = 0.
It remains to determine the moduli associated with the integration over 'all zweibein'. Since phases cancel when zweibein are tensored to produce the metric, there are global phases that must be integrated over, above and beyond the moduli associated with the integration over conformal equivalence classes of metrics. In the classical geometry, one can realize these phases by shifting the spin connection, ω → ω + 2g i=1 λ i β i , where β i is a basis for the harmonic differentials on the genus g surface. Since β i are closed and divergenceless, both R and U are uneffected by this shift. Given any closed contour around a particular nontrivial cycle though, one acquires an additional phase: a ω → a ω + λ a . These global phases are most conveniently incorporated into the Lorentz field χ. To be precise, one lets
whereχ is a (single-valued) function on the surface. In contrast since the β i are not exact forms, χ must now be multivalued on the surface (or alternatively, χ contains discontinuities). The measure for the Lorentz moduli, dn = dλ i , would then be included as a part of the functional measure Dχ. These global phases are associated with the nontrivial cycles on the higher genus surfaces. Additional nontrivial cycles occur in correlation functions surrounding the operator insertions. The above discussion then suggests that we allow χ to have discontinuities around such cycles. Such cuts would be produced by dressing the matter operators with exponentials of the form: exp[αρ + ikχ R + ikχ L ]. Below, we will see that these expectations motivated by the classical geometry must be slightly modified in the quantum theory. 
i ) = 0. In fact, we show below that these naive results are incorrect.
The correct momentum conservation rules can be deduced by a consideration of SL(2,C) invariance on the plane. Consider a correlation function of exponential operators. For the purposes of an explicit example, we assume that the matter theory is a set of chiral bosons X i with no background charges. The holomorphic part of the operators takes the form, exp[k
, where demanding that they have weight 1 requires
Correlation functions may be written as A ≡ A R A L , with the holomorphic part of the correlation function measure taking the form
, and hence
Therefore invariance of A R requires for each a
Momentum conservation for the matter fields requires b γ 
which is precisely the weight 1 condition (25) when Λ i = Q i + P i . Hence we have deduced the superselection rule
in the holomorphic sector. The same calculation for anti-holomorphic exponentials, exp[k
These results are in contradiction with those produced by a naive path integral approach since here we have a (k j ), all correlation functions in the plane will vanish since (27) and (28) cannot then be satisfied simultaneously. One might only insist ρ have no cuts, but allow χ to be multivalued following the considerations of the classical geometry given above. All planar correlation functions vanish in this case as well, as can be seen from the discussion of the original basis of fields in sect. 3 where ρ couples toÛ with P 1 = c − /6. These problems arise because of theÛ interactions in (12). Thus we are lead to the natural suggestion that one should allow for discontinuities in the linear combination of fields that couples toÛ , namely θ = χ − ic − ρ/2ξ. We will also insist ρ be single-valued, as in the classical geometry. Thus the ρ theory in sect. 3 provides the natural basis in which to study correlation functions. The exponential dressings determined from (20,21,22) should haveα = α, but this still leaves one free parameter, namely the phase or cut introduced in θ. Explicitly, the super-selection rules are
These rules are extended to arbitrary genus surfaces, as would result by standard factorization arguments. Such an extension is easily verified to be correct for g = 1. Finally note that the original discussion of the Lorentz moduli arising on such higher genus surfaces should be modified by replacing the field χ by θ.
On a Euclidean world-sheet, it is natural to identify χ with χ + 2π (i.e., a constant 2π rotation leaves the zweibein invariant). Implementing this identification results in various quantization conditions. For instance, c − ∈ 6Z, so that e −S cft only acquires a phase of exp(2π i n) when χ is shifted by 2π, due to the curvature interaction. We will ignore any such identification though, because it would be incorrect if one regards this theory as the analytic continuation of a Minkowskian world-sheet theory, where the Lorentz group is noncompact.
Global Lorentz and diffeomorphism anomalies are distinct. Global diffeomorphism invariance translates into the modular invariance of the partition function defining the theory, while global Lorentz transformations are not an issue for the non-compact form of the Lorentz group. In sect. 6 we shall see that rather intriguing theories are selected by this criterion of modular invariance.
More operators
The classical theory had zweibein and a metric, so one might be interested in operators in the quantum theory with similar transformation properties. For instance, the zweibein transform as fields of weight (1,0) 
Such operators will prove useful as dressing fields in the next section. Due to the spin inherent to θ exponentials a solution introducing no discontinuities is possible with k =k = −1. Similarly a weight (1,1) operator is produced if in the expression for k above, ∆ α is replaced by (∆ α − 1). These operators correspond to introducing a puncture in the surface, which is also the origin of a cut in θ. In this case, producing a local operator (i.e., no cuts) requires that k =k = 0, and
Agreement with the classical limit, ξ → ∞, requires choosing the negative branch. This local operator provides a cosmological constant operator, which could be added as a new perturbative interaction to (12) . It may be of interest to investigate the deformed theoryà la Goulian and Li [8] .
This cosmological constant operator is the quantum analog of an operator that exists in the classical geometry. One might ask if there are other classical operators, which may have quantum analogs in this way. The answer is an affirmative, since we need only insist that these operators be diffeomorphism invariant, but they need be neither Weyl nor Lorentz invariant. With only one derivative, one might consider: de ± , d * e ± , ωe ± , and ω * e ± . In the classical geometry using (2,3), one shows that only two of these operators are distinct: de + =∂(e ρ+iχ )dzdz and de − = ∂(e ρ−iχ )dzdz. Unfortunately, these are total derivatives locally, and hence will not provide interesting interactions. One can confirm that in the quantum gravity theory there are two primary (1,1) operators in the form of an exponential and a single holomorphic or anti-holomorphic derivative, that these operators are indeed total derivatives (except for special values of ξ), and that they do in fact coincide with the above expressions in the classical limit, ξ → ∞. where q 2 = ik = −2i and
Here only the solution for α, with the correct classical limit as ξ → ∞, is displayed. Writing the 'polarization' tensor as η =η + 1 2 (q ⊗ ψ + ψ ⊗ q), one also requires that
Generically, the solution of these equations is unique up to the homogeneous solution ψ 0 of the latter equation (i.e., setη = 0), which corresponds to a total derivative operator. The spin exponent k = −2 is not renormalized in the quantum operator. This property holds in general for such operators. Thus we have found a quantum analog for one of the three classical expressions. Presumably more quantum interactions could be constructed if one considers a general ansatz which allows for mixing with the background connection and curvature [10] , or alternatively with the ghost current [11] .
Apparently these new operators are examples of discrete states in chiral gravity. The determination of the complete spectrum is beyond the scope of the present paper. It should be noted that the spectrum appears to depend on ξ in a complicated manner. Further the above discussion focussed on local operators, which might appear as interactions in the action. When one allows nontrivial phases in θ, a continuum of new operators is produced for each one of these interactions. It may be of interest to investigate the analog of the Witten ground ring [12] in these theories.
We conclude this section by briefly addressing the question of the critical 'dimension' for chiral gravity. One might begin by demanding the reality of the string susceptibility as in [1] . Define the area operator, d 2 x √ĝ e αρ , with α given by (30). This definition is chosen to involve only a local dressing operator, and to make no explicit reference to the Lorentz field, which should be irrelevant to defining the area, in analogy to the classical geometry. Then one considers the fixed area partition function
Here a vanishing result occurs, except for genus one surfaces, because the super-selection rules for θ in (29) are not satisfied. (For g = 1, one finds Z(A) ∝ A Γ−3 with Γ = 2, exactly as in nonchiral gravity [1] .) To properly fix the two θ zero mode integrals, one can consider inserting punctures with dressings which absorb the appropriate θ-momenta. If one introduces a single puncture, there is a unique dressing which yields a nonzero result for g = 0, 1.
with β = α precisely as in the area operator, and k = (g − 1)(c − /6 + ξ/3) andk = (g − 1)(c − /6 − ξ/3). Now one has
for g = 0, 1. This is precisely analogous to the result for nonchiral gravity [1] with the replacement (25 − c m ) → D/ξ. If we make the assumption that D/ξ is positive so that the ρ-action (17) has a positive coefficient, then from (18) requiring that Γ be real imposes the restriction
Now for any fixed values of c ± , there will exist values of ξ for which this inequality is satisfied. Therefore chiral gravity has no barriers for the allowed values of central charges in the matter sector.
Of course, this conclusion relies on results for only g = 0, 1, since Z ′ (A) always vanishes for g > 1. Introducing two punctures yields nontrivial results for higher genera as well. In this case, one finds that Z ′′ (A) ∝ A Γ−1 where Γ = Γ + (α + + α − − 2α)/α. Here, Γ is given by (33), while α ± = 1 6 D/ξ + DY ± /ξ with
Thus one finds that the genus dependence of the string susceptibility is far more complicated than the simple linear dependence found in nonchiral gravity [1] . Further requiring real exponents by imposing Y ± > 0, only produces constraints which are less restrictive than (34). Finally note that we have ignored ghost zero modes in this entire discussion, but that a more rigorous account can be given completely equivalent to that appearing in ref.
1.
The -string
We now construct a simple example of a heterotic non-critical string. Consider the holomorphic conformal field theory associated with the E 8 × E 8 × E 8 root lattice. One may view this as described by 24 chiral bosons, or as 48 chiral fermions with appropriate sums over spin structures. This choice has c ± = 12, which simplifies calculations of correlation functions. Many choices of 24-dimensional chiral lattices are possible (see, e.g., ref. 13 ), but we choose (E 8 ) 3 for concreteness, and since it gives the amusing result that the partition function is the  invariant [14] on the torus.
To calculate the partition function, at genus 1, one must account for several contributions [10] . First, the modular invariant measure is d 2 τ /(Imτ ) 2 . The contribution coming from the Faddeev-Popov Jacobian, for fixing diffeomorphisms, is: Imτ |η(q)| 4 , where q ≡ exp(2πiτ ), and η(q) is the Dedekind η-function [15] . The integration over the matter fields yields
where Θ i (q) = Θ i (z = 0|τ ) are Jacobi theta functions [15] . The ρ contribution is the same as that for a free scalar field:
The θ contribution is more interesting because of the Lorentz moduli. Covering the torus with a fixed coordinate patch, 0 ≤ σ 1 , σ 2 ≤ 1, the world-sheet metric becomes ds 2 = |dσ 1 + τ dσ 2 | 2 . We introduce arbitrary phases in θ around the σ i cycles by setting
Hereθ is a function on the torus, and the second term incorporates the multivalued contribution of the Lorentz moduli. The contribution to the partition function is then found to be
where we have included the phase integral, which one may note is invariant under modular transformations. The integral takes a particularly simple form upon shiftingλ 2 = λ 2 −λ 1 Reτ
Therefore after the phase integral is performed, the final θ contribution is also simply that of a free scalar field (up to an arbitrary normalization).
Combining all of these contributions yields
where F is a fundamental domain for the action of the modular group on the Poincaré upper-half-plane. To understand the spectrum of the theory, we investigate the region of small q, equivalently large Imτ, where
The integration over Reτ projects out any term in eq. (37) with a non-zero power of q, including the tachyon. The only term left is the constant 744, indicating that there are 744 states in this string theory, 720 corresponding to winding number states in the 24-dimensional lattice, and 24 coming from the maximal torus of the group, the so-called oscillator states.
If one counted the states before performing the phase integral in (35), each of the 744 states corresponds to a continuum with arbitrary phases around the σ 1 cycle.
We now consider some sample correlation functions in this theory. From the partition function, it appears that the physical states correspond to (0,1) operators in the matter sector. Thus we construct exponential (1,0) dressings, as discussed in sect. 5. First though in the present theory with c ± = 12 in the (ρ, θ) basis, G ij = diag (x + 2/x) 2 , x 2 where x = ξ/3. Therefore it is extremely convenient to rescale the fields to a new basis (ρ = (x + 2/x)ρ,θ = xθ) for which
Now there are four possible (0,1) operators of the form exp[αρ + ikθ R + ikθ L ], but we restrict our attention to the two with good semiclassical limits. For fixed k, they correspond to
The first introduces a fixed phase in the θ field with k−k = −x, while the phase of the second dressing varies continuously with k, k −k = 2/x + 2k. The momentum super-selection rules for correlation functions are:
One can begin by considering three-point amplitudes of some given set of matter operators. For a fixed set, there would be eight possible amplitudes corresponding to all of the different combinations of dressings. Some of these amplitudes vanish since they combine dressings which are incompatible with the momentum conservation rules. The amplitudes which survive are those which involve either two (i) and one (ii) dressings, or one (i) and two (ii). In those cases where the amplitude is non-vanishing, one finds that as expected the results are SL(2,C) invariant, but also independent of how the various dressings are combined with the matter operators. There are two classes of nonvanishing amplitudes: those with three winding number states, exp(iγ (a) · X R ), which yield simply δ(γ (1) + γ (2) + γ (3) ), and those with two winding number states and one oscillator state, iβ · ∂X R , which yield
The four-point amplitudes produce more interesting results, as we illustrate here. Consider the following correlation function varied. Thus in general the amplitude contains cuts as are characteristic of correlators of the gravity dressings. As z approaches 1, one finds that for (γ (2) · γ (3) , p) = (−1, −x/2) or (−2, 1/x − x/2), A factorizes with the appropriate three-point amplitudes on |1 − z| −1 or |1 − z| −2 singularities, respectively. Such singularities are characteristic of poles in the Virasoro-Shapiro amplitudes [16] . Similar results arise as z approaches 0 or ∞, as well.
Concluding remarks
We have examined two-dimensional quantum gravity coupled to chiral matter, and found that for fixed values of c ± , there is in fact a family of theories labelled by the free parameter, ξ. One might think of this result in analogy to the cosmological constant, which arises as a free parameter in nonchiral gravity. The effects of ξ are far more intricate: It does not appear in the central charge of the combined conformal and Lorentz induced action, eq. (16), nor in the partition function. However, ξ does affect critical exponents, see e.g., eq. (33), the spectrum of discrete states, and the positions of poles in amplitudes. Actually, ξ should be counted as only one of undetermined couplings, which arise in association with the new interactions discussed in sect. 5.
We should note that in the light-cone analysis of chiral gravity by ref. 4 , it is concluded that ξ is quantized to be ξ = ic − /2. Of course, we have found no evidence of such a quantization condition in our analysis. This discrepancy may arise because the stress tensor for the Lorentz field appears to be misidentified in ref. 4 .
One might think that ξ should be fixed in analogy to the analysis of the chiral gauge anomaly in two dimensions [17] , in which no undetermined parameters arise. While the formal expressions for the chiral gauge and gravitational anomalies seem similar, it is important to keep in mind that the spin connection drops out of the action for fermions in 1+1 dimensions, so the determinant of interest possesses a dependence on the spin connection only via quantum effects. In the case of the chiral gauge anomaly, the determinant depends explicitly on one component of the connection-it therefore may be reasonable to demand that the effective action also only involve the appropriate component, thus fixing the analogue of ξ.
It is interesting to further investigate the effects of ξ by calculating the central charges of ρ and θ, separately, 
With ξ → ∞, c ρ → ∞ as expected for the semiclassical limit of the gravity theory. In this limit, the propagators for both ρ and θ vanish as can be seen from (15, 19) . As a result, exponential operators are not renormalized from the classical expressions derived in accord with the analysis for (31) and (32). For example, the area operator becomes simply d 2 x √ĝ e 2ρ . As well in this limit, θ → χ, so that the discontinuities all occur in the classical Lorentz phase. Thus one completely recovers the classical world-sheet geometry in the limit ξ → ∞.
From (38), it would appear that ξ → 0 + produces a limit completely analogous to ξ → ∞. In fact, this limit must be taken with care in the (ρ,θ) basis, as can be seen from the fact that the kinetic term for θ vanishes in (17) . Of course, the theory is perfectly well-defined at ξ = 0, and no problems arise for the original (ρ,χ) basis, or the alternate diagonal basis of (ζ,χ). While one still has ρ(z,z) ρ(w,w) = 0, so that the area operator is unrenormalized in this limit, exponentials involving both ρ and χ do not take their classical form. Further with this limit, it is ρ which becomes multivalued. Hence while ξ → 0 + may allow for a semiclassical treatment of ρ, the interpretation of the geometry is unclear in this limit.
A physically consistent analysis required some restrictions on ξ in the form of the inequality (34), but no barriers appeared for the matter theories. Note as well that one can easily produce theories with space-time tachyons, which do not yield unphysical critical exponents. Thus at this level, the properties of space-time tachyons and physical consistency on the world-sheet, appear to be divorced in the present theory, in contrast to nonchiral gravity [18] . Clearly, the appearance of the Lorentz field has drastic effects on the quantum theory of the world-sheet geometry. The most pressing question would appear to be to understand the complete space of physical states [19] .
